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The lattice distortion parameter (the deviation of the c/a ratio from the ideal value 1.633),
orientational order parameter, and crystal-field parameter in hexagonal close-packed (hcp) lattice of
p-H2, o-D2 and n-H2 are calculated using the semi-empirical lattice-dynamic approach. It is shown
that the lattice distortion in the J-even species is two order of magnitude smaller compared with
that found in n-H2, and n-D2. The difference is due to the splitting of the J-odd rotational levels
in the J-even - J-odd mixtures.
PACS numbers: 62.50.-p, 64.70.kt, 67.80.F-
At zero pressure and temperature the
molecules in J-even (p-H2, o-D2) and J-all (HD)
solid hydrogens are in the ground state J =
0. Admixtures of higher rotational states into
the ground-state wave function are very small
and the molecules are virtually spherical. Rigid
spheres crystallize into the face center cubic (fcc)
or hexagonal close-packed (hcp) lattices. As
compared with fcc, hcp lattice has an additional
degree of freedom associated with the axial c/a
ratio. The lattice of close-packed hard spheres
has c/a =
√
8/3 ≈ 1.633 (an ideal hcp struc-
ture). The quantity δ = c/a −
√
8/3, the lat-
tice distortion parameter, describes the devia-
tion of the axial ratio from the ideal value. In
the case of δ < 0, this distortion involves an ex-
pansion within close-packed planes, and contrac-
tion along the c-axis direction, and vice versa, for
δ > 0 the lattice is expanded along the c-axis
and contracted within the close-packed planes.
Calculations with simple isotropic pair poten-
tials have shown that the ideal hcp lattice at
zero pressure and temperature does not mini-
mize the lattice energy [1–3], and the hcp lattice
with the minimal energy has a small but nonzero
lattice distortion. Semi-empirical and DFT cal-
culations performed for solid He and hcp rare-gas
solids (RGS) showed [4, 5] that the pressure de-
pendencies of the lattice distortion parameter δ
for the many-body (two- plus three-body) and
for the pair intermolecular potentials are quali-
tatively different. The three-body forces flatten
the lattice (δ < 0) while the pair forces at large
compressions tend to elongate it (δ > 0). Thus
it was shown that the lattice distortion param-
eter is a thermodynamic quantity, which is very
sensitive to the many-body component of the in-
termolecular potential and can therefore be used
as a probe of the many-body forces [6].
The deviation of the axial ratio from the ideal
value can be attributed ultimately to a lowering
of the band-structure energy through lattice dis-
tortion. In the case of solid hydrogens the effect
of lattice distortion both on the isotropic and ro-
tational components of the ground-state energy
is essential.
For all hcp elemental solids except helium, hy-
drogen, and high-pressure Ar, Kr, and Xe the
behavior of δ with pressure and temperature is
well established from both theory and experi-
ment. Typical values are of the order of 10−2 [7].
For solid helium δ is one-two orders of magnitude
smaller [4, 5]. The first measurements of c/a ra-
tio in solid hydrogens were done by Keesom et al.
[8], who found that at zero pressure the hcp lat-
tice of p-H2 is close to the ideal one. X-ray zero-
pressure study by Krupskii et al. [9] confirmed
this result (c/a = 1.633 ± 0.001) and extended
it to the o-D2. In fact, the only structural study
of p-H2 and o-D2 at elevated pressures up to 2.5
2GPa and low temperatures were made by Ish-
maev et al. using the neutron diffraction method
[10, 11]. It was found that the ratio c/a is practi-
cally constant and is slightly lower than the ideal
hcp value (1.631± 0.002).
There were numerous structural studies of n-
H2 and n-D2 [12–18] (see also reviews [19, 20]).
Using new synchrotron x-ray diffraction tech-
niques Mao et al. [14] and Hu et al. [15] found
that in the case of n-H2 the pressure dependence
of c/a between 5 and 42 GPa is linear
c/a = 1.63− 0.000441P, (1)
where P is the pressure in GPa. Synchrotron
single-crystal x-ray diffraction measurements of
n-H2 [21–23] and n-D2 [21] up to megabar pres-
sures at room temperature revealed that the c/a
ratio decreases with increasing pressure near lin-
early up to 180 GPa. No isotope effect in the
pressure dependence of the c/a ratio was found.
There have been many attempts to calculate
the pressure behavior of the axial ratio using
different theoretical approaches: Hartree-Fock
[24, 25], local density approximation [26], path-
integral Monte-Carlo [27], ab initio molecular
dynamics [28]. In all proposed theoretical ap-
proaches the rotation-lattice coupling gives rise
to positive δ which is in contradiction with ex-
periment.
In the present paper we develop a self-
consistent approach based on the many-body
semi-empirical intermolecular potential pro-
posed originally in Ref. [29]. We are going to
show that the pressure behavior of the c/a-ratio
in solid p-H2 and o-D2 in phase I is determined
mainly by the translational degrees of freedom
and is comparable in magnitude with that for
rare-gas solids. In the case of n−H2 and n−D2
we show that the behavior of the axial ratio
found in Refs. [21–23] is due to the presence
of the J-odd component in normal ortho-para
mixtures of solid hydrogens [30].
The Hamiltonian of the problem can be writ-
ten in the form [20, 29]
H = His +Hrot +Hint , (2)
whereHis is the contribution of the isotropic part
of the intermolecular potential, Hrot is the ro-
tational part of the Hamiltonian, and Hint de-
scribes the lattice–rotation coupling.
The isotropic part of the ground-state energy
Eis can be written as a sum of contributions from
the isotropic part of the static two– and many–
body energies Epairis and E
m.b.
is , and the zero–
point vibrations Ezpv:
Eis = E
pair
is + E
m.b.
is + E
zpv. (3)
In the mean field approximation (MFA), the
Hamiltonian of the system of quantum linear ro-
tors has the form [20, 29]:
Hrot =
∑
f
L2f−U0
√
4π/5 η
∑
f
Y20(ϑf )+
1
2
NU0η
2,
(4)
where Lf is the angular momentum operator,
YLM(ϑf , ϕf) are spherical harmonics, and the an-
gles ϑf and ϕf specify the orientational axis of
the molecule at the lattice site f . All the energy
quantities are expressed in units of the rotational
constant Brot.
In distinction to the phases II and III, the
phase I has no orientational structure which
would originate from the coupling term in the
anisotropic interaction between the hydrogen
molecules. A certain degree of orientational or-
der in the phase I as will be shown below origi-
nates from the crystal field interaction. The ori-
entational order parameter is defined as
η =
√
4π/5〈Y20(ϑf , ϕf)〉, (5)
where 〈. . .〉 means averaging with the Hamilto-
nian Hrot (Eq. 4), and N is the number of sites.
The molecular field constant is defined by
U0 =
∑
ff ′
∑
αβγδ
V αβγδff ′ Q
αβ
f Q
γδ
f ′ , (6)
where V αβγδff ′ is the interaction matrix defined by
the parameters of the intermolecular potential,
Qαβf = Ω
α
fΩ
β
f − 13δαβ , Ω is the unit vector speci-
fying the equilibrium orientation of the molecule
at the site f . There is a near linear correspon-
dence between dimensionless pressure in units of
U0/Brot and pressure in GPa. For the Pca21 lat-
tice we have the following approximate relations
for rescaling the pressure: P in U0/Brot units
3corresponds to 0.5P in GPa for H2; 0.75P for
HD, and 1.25 for D2 [29]
The many-body hydrogen intermolecular po-
tential used here is a sum of the pair SG
potential [31] (discarding the R−9 term) and
two three-body terms: the long-range Axilrod-
Teller dispersive interaction and the short-range
three-body exchange interaction in the Slater-
Kirkwood form [32, 33]. It was successfully used
for the description of the equation of state, the
pressure dependence of the Raman-active E2g
mode [34], and the sound velocities in solid hy-
drogen under pressure [35]. The explicit form
and parameters of the potential used in this work
are given in Ref. 36. The contribution of the
zero–point vibrations Ezpv was taken into ac-
count in the Einstein approximation.
In a non-rigid lattice there is a strong lattice-
rotation coupling, which is due to the crystal
field. The origin of this coupling can be ex-
plained in the following way. With increas-
ing pressure the anisotropic interaction increases
and admixtures of J 6= 0 rotational states into
the ground state wave function become more
and more appreciable. With the nonzero ad-
mixture the molecules acquire anisotropy. The
anisotropic molecules tend to be packed into a
distorted lattice. The lattice distortion δ is given
by a competition of the anisotropic interactions
(which favor strong distortion) and the isotropic
interactions (which favor a near-ideal HCP lat-
tice).
The lattice-rotation coupling is described by
the the Hamiltonian
Hint = −ε2c
√
4π/5Y20, (7)
where ε2c is the crystal-field parameter [37]
which is linear with respect to δ:
ε2c = B˜δ; B˜ = −
√
6
(
B +
1
2
R
dB
dR
)
, (8)
where B(R) is the radial function of the single-
molecular term in the anisotropic intermolecu-
lar potential [37]. Thus, the state of the lattice
can be described by two coupled order param-
eters, η(V, T ) and δ(V, T ), which can be deter-
mined by the minimization of the free energy
with respect to these parameters. In the calcu-
lations we restrict ourselves to T = 0 K case, so
we will minimize the total ground-state energy
Etot0 = E
tr
0 + E
rot
0 (the superscripts ”tot”, ”tr”,
and ”rot” refer to the total ground-state energy,
and translational, and rotational subsystems, re-
spectively))
The translational part of the round-state en-
ergy Etr0 does not depend on η and respective
minimum conditions take the form:
∂ Erot0 /∂ η = 0; ; (9)
∂
(
Etr0 + E
rot
0
)
/∂ δ = 0. (10)
Thus, the complete minimization can be car-
ried out in two stages, first, with the help of
Eq. (9) we find η as a function of U0 and δ and
then by minimizing the total ground-state en-
ergy with respect to δ (Eq. 10) we find δ and η
as a function of U0 (volume V ).
Using the successive approximation method we
can find solutions of Eqs. (9), (10) in any nec-
essary approximation [29, 36]. Up to the third
order in the crystal-field parameter the orienta-
tional order parameter and orientational ground-
state energy have the following form:
η = κ
ǫ2c
Brot
+
152
14
κ3
(
ǫ2c
Brot
)2
. (11)
Erot0
Brot
= −1
2
κ
(
ǫ2c
Brot
)2
− 75
14
κ3
(
ǫ2c
Brot
)3
. (12)
where
κ =
1
15− U0/Brot . (13)
The expansion parameter ǫ2c (Eq. 8) is neg-
ative for all pressures, so the expansions Eqs.
(11), (12) are oscillating and converge if the
terms of the expansions are decreasing.
Due to the presence of a singular factor κ (Eq.
13) in the expansions Eqs. (11, 12), the valid-
ity of this analytical solution is limited by the
condition U0/Brot < 15, which corresponds to
pressure of ∼ 30GPa for the case of p-H2, and
420 GPa and 12 GPa for HD and o−D2, respec-
tively. To extend the solution into the higher
pressure region a numerical approach should be
used.
As can be seen from Eqs. (11), (12), at low
pressures the rotational part of the ground-state
energy contains no linear term in δ. The same
is also true at high pressures. The admixture of
higher rotational states to the rotational wave-
function is proportional to the lattice distortion:
Ψ0 = Y00 + c2δY20 + ... (14)
The ground-state energy
Erot0 = 〈Ψ0|Hrot|Ψ0〉 = 6c22δ2 − (U0η2/2 + ǫ2cη).
(15)
Since η ∼ δ and ǫ2c ∼ δ, Erot0 ∼ δ2 at all pres-
sures.
Let us consider the contribution of the trans-
lational degrees of freedom. Up to terms of the
second order in δ the translational part of the
ground-state energy is
Etr0 = E0(0) + b
tr
1 δ + b
tr
2 δ
2, (16)
where E0 is the ground-state energy of the ideal
lattice and btri (i = 1, 2) are the coefficients which
depend on the parameters of the intermolecular
potential and molar volume. The total ground-
state energy is
Etot0 = E0(0) + b
tr
1 δ + b
tot
2 δ
2, (17)
where btot2 = b
tr
2 + b
rot
2 . Minimizing E0(δ) over δ,
we obtain
δ = − b1/(2 btot2 ). (18)
At small pressures the contribution of the ro-
tational degrees of freedom to b2 as follows from
Eq. (12) is brot2 = −κ (ǫ22c/2Brot). It is negative
and increases in the absolute value with pres-
sure. The total btot2 is a sum of the respective
contributions
btot2 = b
tr
2 + b
rot
2 . (19)
Figure 1 presents the lattice distortion param-
eter δ and orientational order parameter η for
p-H2, and o−D2 as functions of molar volume.
The calculations were performed for the molar
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FIG. 1: Lattice distortion parameter δ and orientational or-
der parameter η in parahydrogen and orthodeuterium as func-
tions of molar volume.
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FIG. 2: Crystal field parameter ǫ2c in parahydrogen and or-
thodeuterium (inset) as functions of molar volume.
volumes V < 18 cm3/mol (P > 0.5 GPa) out-
side of the region where quantum crystal effects
are decisive and extended up to the point of the I
- II transition. In phase I both η and δ are small
and negative. The negative δ means that the lat-
5tice is slightly flattened compared with the ideal
one; the negative η means that the molecules
precess around the c-axis with the molecular axis
inclined to the c axis by the angle slightly over
〈ϑ0〉 = cos−1 1/
√
3 ≈ 54◦44′. Upon increasing
pressure, η decreases monotonically (the limit-
ing value η = −1/2 means that the molecules
precess around the c-axis with the precession
angle ϑ = π/2). At large molar volumes ( 18
cm3/mol) the deviation of the molecular ground
state from the pure spherical one is very small.
This deviation is characterized by the orienta-
tional order parameter η = −3.3 · 10−4 for p−H2
and η = −1 · 10−5 for o−D2. The lattice is very
close to the ideal one. While η decreases mono-
tonically with rising pressure, δ changes with
pressure nonmonotonically (Figure 1). This non-
monotonic behavior is connected with the mu-
tual changes of the coefficients btr1 , b
tr
2 , and b
rot
2
in Eq. (18) with pressure.
Significant changes are seen between V = 3.1
(P= 80 GPa) and 2.93 (P= 92.2 GPa) cm3/mol
for H2 and between V= 4.05 (37.45 GPa) and
4.2 (33.8 GPa) for D2, which corresponds to the
I-II transition (experimentally, 110 GPa in p−H2
[39], 28 GPa GPa in o−D2 [40]).
Knowing the pressure dependence of δ, we
were able to calculate the pressure dependence
of the second order crystal field parameter ǫ2c
(Fig. 8). As known [37], this parameter deter-
mines the splitting of the purely rotational band
S0(0) in p−H2 and o−D2 and splitting of the
rotational levels of impurity J = 1 molecules
in J = 0 solids. In the absence of direct ex-
perimental data some qualitative conclusions on
the lattice distortion parameter of p-H2 were ob-
tained by Goncharov et al. [41]. The authors
have measured low-frequency Raman spectra at
low temperature for the pressure range up to the
I - II phase transition and used these spectra
to estimate the crystal-field parameter ε2c. As-
suming that only the second-order crystal field is
responsible for the splitting of the roton triplet
band S0(0) the authors obtained | ε2c |∼ 1 cm−1
and thus | δ |∼ 10−3 − 10−4 in accord with the-
oretical data shown in Figs. (1, 2).
Characteristics of the rotational motion of the
molecules in p−H2 and o−D2 could be com-
pared with the ones obtained using the tech-
nique which combines a density functional the-
ory (DFT) with a path-integral molecular dy-
namics (PIMD) [38]. A direct comparison of
the results involves difficulties because the au-
thors used the definition of the orientational or-
der parameter (η = [N−1
∑N
i
√
4π/5Y20(Ωi ·ui)]2
where Ωi is a unit vector specifying the equilib-
rium orientation of the molecule at the site i, and
ui is a site-specific unit vector which defines the
orientational structure), which excludes negative
values of the order parameter. Nonetheless, the
pressure evolutions of the order parameters in
the both approaches are similar.
Let us turn to the case of n−H2. For a single
J = 1 molecule in the lattice of J = 0 molecules
there is an additional contribution to the ground-
state energy arising from the polarization of the
surrounding J = 0 molecules by the the electric
quadrupole field of the J = 1 molecule. The
polarization energy due to the interaction of the
quadrupole moment of the J = 1 molecule with
the induced dipole moments of the surrounding
nearest neighboring J = 0 molecules is equal to
[37]
ǫ1 = −18αQ2V −8/3, (20)
where α is the polarizability of the J = 0
molecules and Q is the quadrupole moment of
the J = 1 molecule.
If the crystal shows a homogeneous deviation
from the ideal hcp structure specified by the lat-
tice distortion parameter δ, the polarization en-
ergy contains a crystal-field term [37]
Vc = ε2c
√
4π
5
Y20(~Ω), (21)
where ~Ω specifies the orientation of the J = 1
molecule with
ε2c = −24
7
ǫ1δ. (22)
The triplet J = 1 level is splitted in the crystal
field Vc; the splitting is given by
∆c = E(±)−E(0) = 3
5
|ǫ2c|, (23)
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FIG. 3: Lattice distortion parameter in normal ortho-para
mixture of solid hydrogens. Theory: solid line - this work;
experiment: red squares - data from Ref. [21], blue triangles -
data from Ref. [23], green straight line: Eq. (1) (solid section
[14, 15], dashed section - extrapolation to high pressures.)
where E(M) is the energy of the state J = 1,
Jz = M with z direction parallel to the c axis
of the crystal. The positive sign of ∆c implies
that the state Jz = 0 is the ground state of the
triplet. Due to this splitting the ground-state
energy is brought down by 2|ε2c|/5. The gain
in the anisotropic energy due to the polarization
effect in the J = 0/J = 1 mixture is linear in δ,
contrary to the contribution quadratic in delta in
J-even solids. At the same time, this distortion
introduces an additional positive contribution to
the ground-state energy from the isotropic part
of the intermolecular interaction. This contribu-
tion is quadratic in the lattice distortion param-
eter δ [36]. The loss in the isotropic part and
the gain in the anisotropic part of the ground-
state energy determines the lattice distortion pa-
rameter at the given molar volume. One cannot
obtain a reliable value of δ from Eqs. (20) -
(23) because there are other contributions to the
splitting ∆c not included in Eq. (23) [37]. More-
over, the lattice of n−H2 is a disordered mix-
ture of ortho and para molecules. To calculate
the polarization energy in such lattice we used a
mean-field model of ortho-para mixture assum-
ing that each site of the lattice is occupied by a
superposition of even-J and odd-J molecule and
the crystal field splitting occurs for every ortho-
component of such molecule. Assuming that the
volume dependence of the polarization energy
has the same form as in Eq. 20) we included
into the ground-state energy the term
Epol = A(V0/V )
8/3δ, (24)
where A is an adjusting parameter of the the-
ory. Comparing with the experimental data on
the pressure dependence of the lattice distortion
parameter from Refs. [21, 23] we obtain a good
fit for A = 5.1 K. The resulting pressure de-
pendence of the lattice distortion parameter is
presented in Fig. 3. Comparing this result with
the one for p−H2 (Fig. 1), we see that the intro-
duction of the J = 1 molecules increases the hcp
lattice distortion by two orders of magnitude.
In conclusion, we developed the lattice-
dynamics theory of the lattice distortion in
p−hydrogen, o−deuterium, and n−hydrogen in
hexagonal closed-packed lattice under pressure.
It is shown that the lattice distortion in p−H2
and o−D2 is negative and very small (of the or-
der of 10−3) and their lattices are very close to
the ideal one. In this aspect the J-even mod-
ifications of hydrogens are very similar to solid
helium. The main contributions to the lattice
distortion comes from translational degrees of
freedom, although there is a nonzero contribu-
tion from rotational degrees of freedom as well.
The negative sign of the lattice distortion pa-
rameter means that the lattice is slightly flat-
tened. The orientational order parameter was
calculated and shown to be small and negative.
The molecules rotate around the c-axis with the
inclination angle ϑ ≈ 55◦.
A mean-field model of the ortho-para mixture
of solid hydrogen was developed to calculate the
polarization energy connected with the impurity
ortho molecules. It is shown that there is a con-
siderable gain in the ground-state energy of the
mixture due to the polarization energy, which
makes the lattice distortion advantageous. The
corresponding loss in the energy of the isotropic
7interaction determines the resulting value of the
lattice distortion parameter. Obtained pressure
dependence of the c/a ratio is in an excellent
agreement with the experiment in the whole
pressure range.
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